Universal covering calabi-yau manifolds of the Hilbert schemes of n
  points of Enriques surfaces by Hayashi, Taro
ar
X
iv
:1
50
2.
02
23
1v
5 
 [m
ath
.A
G]
  2
2 A
pr
 20
15
UNIVERSAL COVERING CALABI-YAU MANIFOLDS OF THE
HILBERT SCHEMES OF N POINTS OF ENRIQUES SURFACES
TARO HAYASHI
Abstract. Throughout this paper, we work over C, and n is an integer such
that n ≥ 2. For an Enriques surface E, let E[n] be the Hilbert scheme of
n points of E. By Oguiso and Schro¨er [8, Theorem 3.1], E[n] has a Calabi-
Yau manifold X as the universal covering space, pi : X → E[n] of degree
2. The purpose of this paper is to investigate a relationship of the small
deformation of E[n] and that of X (Theorem 1.1), the natural automorphism
of E[n] (Theorem 1.2), and count the number of isomorphism classes of the
Hilbert schemes of n points of Enriques surfaces which has X as the universal
covering space when we fix one X (Theorem 1.3).
1. Introduction
Throughout this paper, we work over C, and n is an integer such that n ≥ 2. For
an Enriques surface E, let E[n] be the Hilbert scheme of n points of E. By Oguiso
and Schro¨er [8, Theorem3.1], E[n] has a Calabi-Yau manifold X as the universal
covering space, π : X → E[n] of degree 2. The purpose of this paper is to investigate
a relationship of the small deformation of E[n] and that of X (Theorem1.1), the
natural automorphism of E[n] (Theorem1.2), and count the number of isomorphism
classes of the Hilbert schemes of n points of Enriques surfaces which has X as the
universal covering space when we fix one X (Theorem1.3).
Small deformations of a smooth compact surface S induce that of the Hilbert
scheme of n points of S by taking the relative Hilbert scheme. Let K be a K3
surface. By Beauville [1, page 779-781], a very general small deformation of K [n] is
not isomorphic to the Hilbert scheme of n points of aK3 surface. On the other hand,
by Fantechi [3, Theorems0.1 and0.3], every small deformations of E[n] is induced
by that of E. Since X is the universal covering of E[n], the small deformation of
E[n] induces that of X . We consider a relationship of the small deformation of E[n]
and that of X . Our first main result is following:
Theorem 1.1. Let E be an Enriques surface, E[n] the Hilbert scheme of n points
of E, and X the universal covering space of E[n]. Then every small deformation of
X is induced by that of E[n].
Compare with the fact that a general small deformation of the universal covering
K3 surface of E is not induced by that of E.
Next, we study the natural automorphisms of E[n]. Any automorphism f ∈
Aut(S) induces an automorphism f [n] ∈ Aut(S[n]). An automorphism g ∈ Aut(S[n])
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is called natural if there is an automorphism f ∈ Aut(S) such that g = f [n]. When
K is aK3 surface, the natural automorphisms ofK [n] have been studied by Boissie`re
and Sarti [2, Theorem1]. They used the global Torelli theorem for K3 surfaces: an
effective Hodge isometry α is induced by a unique automorphism β of K3 surface
such that α = β∗. Our second main result is the following theorem, similar to
[2, Theorem1] without the Torelli theorem for Enriques surfaces by using a result
of Oguiso [7, Proposition4, 4].
Theorem 1.2. Let E be an Enriques surface, DE the exceptional divisor of the
Hilbert-Chow morphism πE : E
[n] → E(n), and n ≥ 2. An automorphism f of E[n]
is natural if and only if f(DE) = DE, i.e. f
∗(OE[n](DE)) = OE[n](DE).
Finally, we compute the number of isomorphism class of the Hilbert schemes of
n points of Enriques surfaces which have X as the universal covering space when
we fixed one X .
Theorem 1.3. Let E and E′ be two Enriques surfaces, E[n] and E′[n] the Hilbert
scheme of n points of E and E′, X and X ′ the universal covering space of E[n] and
E′[n], and n ≥ 3. If X ∼= X ′, then E[n] ∼= E′[n], i.e. when we fix X, then there is
just one isomorphism class of the Hilbert schemes of n points of Enriques surfaces
such that they have it as the universal covering space.
Our proof is based on Theorem 1.2 and the study of the action of the covering
involutions on H2(X,C).
This is the result that is greatly different from the result of Ohashi
(See [9, Theorem0.1]) that, for any nonnegative integer l, there exists a K3 surface
with exactly 2l+10 distinct Enriques quotients. In particular, there does not exist
a universal bound for the number of distinct Enriques quotients of a K3 surface.
Here we will call two Enriques quotients of a K3 surface distinct if they are not
isomorphic to each other.
Remark 1.4. When n=2, I do not count the number of isomorphism classes of
the Hilbert schemes of n points of Enriques surfaces which has X as the universal
covering space when we fix one X.
2. Preliminaries
A K3 surface K is a compact complex surface with KK ∼ 0 and H1(K,OK) =
0. An Enriques surface E is a compact complex surface with H1(E,OE) = 0,
H2(E,OE) = 0, KE 6∼ 0, and 2KE ∼ 0. The universal covering of an Enriques
surface is a K3 surface. A Calabi-Yau manifold X is an n-dimensional compact
ka¨hler manifold such that it is simply connected, there is no holomorphic k-form
on X for 0 < k < n and there is a nowhere vanishing holomorphic n-form on X .
Let S be a nonsingular surface, S[n] the Hilbert scheme of n points of S, πS :
S[n] → S(n) the Hilbert-Chow morphism, and pS : Sn → S(n) the natural projec-
tion. We denote by DS the exceptional divisor of πS . Note that S
[n] is smooth of
dimCS
[n] = 2n. Let ∆nS be the set of n-uples (x1, . . . , xn) ∈ Sn with at least two
xi’s equal, S
n
∗ the set of n-uples (x1, . . . , xn) ∈ Sn with at most two xi’s equal. We
put
S
(n)
∗ := pS(S
n
∗ ),
∆
(n)
S := pS(∆
n
S),
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S
[n]
∗ := π
−1
S (S
(n)
∗ ),
∆nS∗ := ∆
n
S ∩ Sn∗ ,
∆
(n)
S∗ := pS(∆
n
S∗), and
FS := S
[n] \ S[n]∗ .
Then we have Blow∆n
S∗
Sn∗ /Sn ≃ S[n]∗ , FS is an analytic closed subset, and its
codimension is 2 in S[n] by Beauville [1, page 767-768]. Here Sn is the symmetric
group of degree n which acts naturally on Sn by permuting of the factors.
Let E be an Enriques surface, and E[n] the Hilbert scheme of n points of E.
By Oguiso and Schro¨er [8, Theorem3.1], E[n] has a Calabi-Yau manifold X as the
universal covering space π : X → E[n] of degree 2. Let µ : K → E be the universal
covering space of E where K is a K3 surface, SK the pullback of ∆
(n)
E by the
morphism
µ(n) : K(n) ∋ [(x1, . . . , xn)] 7→ [(µ(x1), . . . , µ(xn))] ∈ E(n).
Then we get a 2n-sheeted unramified covering space
µ(n)|K(n)\SK : K(n)\SK → E(n)\∆(n)E .
Furthermore, let ΓK be the pullback of SK by natural projection pK : K
n → K(n).
Since ΓK is an algebraic closed set with codimension 2, then
µ(n) ◦ pK : Kn\ΓK → E(n)\∆(n)E
is the 2nn!-sheeted universal covering space. Since E[n]\DE = E(n)\∆(n)E where
DE = π
−1
E (∆
(n)
E ), we regard the universal covering space µ
(n) ◦ pK : Kn\ΓK →
E(n)\∆(n)E as the universal covering space of E[n] \DE :
µ(n) ◦ pK : Kn\ΓK → E[n]\DE.
Since π : X \ π−1(DE)→ E[n] \DE is a covering space and µ(n) ◦ pK : Kn \ ΓK →
E[n] \DE is the universal covering space, there is a morphism
ω : Kn \ ΓK → X \ π−1(DE)
such that ω : Kn\ΓK → X\π−1(DE) is the universal covering space and µ(n)◦pK =
π ◦ ω:
Kn \ ΓK
µ(n)◦pK ''◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
ω
// X \ π−1(DE)
pi

E[n] \DE .
We denote the covering transformation group of π ◦ ω by:
G := {g ∈ Aut(Kn \ ΓK) : π ◦ ω ◦ g = π ◦ ω}.
Then G is of order 2n.n!, since deg(µ(n) ◦ pK) = 2n.n!. Let σ be the covering
involution of µ : K → E, and for
1 ≤ k ≤ n, 1 ≤ i1 < · · · < ik ≤ n
we define automorphisms σi1...ik of K
n by following. For x = (xi)
n
i=1 ∈ Kn,
the j-th component of σi1...ik(x) =
{
σ(xj) j ∈ {i1, · · · , ik}
xj j 6∈ {i1, · · · , ik}.
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Then Sn ⊂ G, and {σi1...ik}1≤k≤n, 1≤i1<...<ik≤n ⊂ G. Let H be the subgroup of G
generated by Sn and {σij}1≤i<j≤n.
Proposition 2.1. G is generated by Sn and {σi1...ik}1≤k≤n, 1≤i1<...<ik≤n. More-
over any element is of the form s◦t where s ∈ Sn, t ∈ {σi1...ik}1≤k≤n, 1≤i1<...<ik≤n.
Proof. If (s, t) = (s′, t′) for s, s′ ∈ Sn and t, t′ ∈ {σi1...ik}1≤k≤n, 1≤i1<...<ik≤n, then
we have s = s′ and t = t′ by paying attention to the permutation of component.
As |Sn| = n!, and |{σi1...ik}1≤k≤n, 1≤i1<...<ik≤n| = 2n, G is generated by Sn and
{σi1...ik}1≤k≤n, 1≤i1<...<ik≤n. 
Proposition 2.2. |H | = 2n−1.n!.
Proof. H is generated by Sn and {σij}1≤i<j≤n. By paying attention to the permu-
tation of component, we have σi 6∈ H for all i. For arbitrary j, (i, j)◦σi◦(i, j) = σj .
Since Sn ⊂ H , and Proposition 2.1, we obtain |G/H | = 2, i.e. |H | = 2n−1.n!. 
We put
Kn∗µ := (µ
n)−1(En∗ ),
where µn : Kn ∋ (xi)ni=1 7→ (µ(xi))ni=1 ∈ En. Recall that µ : K → E the universal
covering with σ the covering involution. We further put
T∗µ ij := {(xl)nl=1 ∈ Kn∗µ : σ(xi) = xj},
∆K∗µ ij := {(xl)nl=1 ∈ Kn∗µ : xi = xj},
T∗µ :=
⋃
1≤i<j≤n
T∗µ i,j , and
∆K∗µ :=
⋃
1≤i<j≤n
∆K∗µ i,j .
By the definition of Kn∗µ, H acts on K
n
∗µ, and by the definition of ∆K∗µ and T∗µ,
we have ∆K∗µ ∩ T∗µ = ∅.
Lemma 2.3. For t ∈ H and 1 ≤ i < j ≤ n, if t ∈ H has a fixed point on ∆K∗µ ij ,
then t = (i, j) or t = idKn.
Proof. Let t ∈ H be an element of H where there is an element x˜ = (x˜i)ni=1 ∈
∆K∗µ ij such that t(x˜) = x˜. By Proposition 2.1, for t ∈ H , there are two elements
σi1,··· ,ik ∈ {σi1...ik}1≤k≤n, 1≤i1<...<ik≤n and (j1, · · · , jl) ∈ Sn such that
t = (j1, · · · , jl) ◦ σi1,··· ,ik .
From the definition of ∆K∗µ ij , for (xl)
n
l=1 ∈ ∆K∗µ ij ,
{x1, . . . , xn} ∩ {σ(x1), . . . , σ(xn)} = ∅.
Suppose σi1,··· ,ik 6= idKn . Since t(x˜) = x˜, we have
{x˜1, . . . , x˜n} ∩ {σ(x˜1), . . . , σ(x˜n)} 6= ∅,
a contradiction. Thus we have t = (j1, · · · , jl). Similarly from the definition of
∆K∗µ ij , for (xl)
n
l=1 ∈ ∆K∗µ ij , if xs = xt (1 ≤ s < t ≤ n), then s = i and t = j.
Thus we have t = (i, j) or t = idKn . 
Lemma 2.4. For t ∈ H and 1 ≤ i < j ≤ n, if t ∈ H has a fixed point on T∗µ ij ,
then t = σi,j ◦ (i, j) or t = idKn.
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Proof. Let t ∈ H be an element of H where there is an element x˜ = (x˜i)ni=1 ∈
TK∗µ ij such that t(x˜) = x˜. By Proposition 2.1, for t ∈ H , there are two elements
σi1,··· ,ik ∈ {σi1...ik}1≤k≤n, 1≤i1<...<ik≤n and (j1, · · · , jl) ∈ Sn such that
t = (j1, · · · , jl) ◦ σi1,··· ,ik .
Since (j, j+1)◦σi,j ◦ (j, j+1) : ∆K∗µ ij → T∗µ ij is an isomorphism, and by Lemma
2.3, we have
(j, j + 1) ◦ σi,j ◦ (j, j + 1) ◦ t ◦ (j, j + 1) ◦ σi,j ◦ (j, j + 1) = (i, j) or idKn .
If (j, j + 1) ◦ σi,j ◦ (j, j + 1) ◦ t ◦ (j, j + 1) ◦ σi,j ◦ (j, j + 1) = idKn , then t = idKn .
If (j, j + 1) ◦ σi,j ◦ (j, j + 1) ◦ t ◦ (j, j + 1) ◦ σi,j ◦ (j, j + 1) = (i, j), then
t = (j, j + 1) ◦ σi,j ◦ (j, j + 1) ◦ (i, j) ◦ (j, j + 1) ◦ σi,j ◦ (j, j + 1)
= (j, j + 1) ◦ σi,j ◦ (i, j + 1) ◦ σi,j ◦ (j, j + 1)
= (j, j + 1) ◦ σi,j+1 ◦ (i, j + 1) ◦ (j, j + 1)
= σi,j ◦ (i, j).
Thus we have t = σi,j ◦ (i, j). 
From Lemma 2.3 and Lemma 2.4, the universal covering map µ induces a local
isomorphism
µ
[n]
∗ : Blow∆K∗µ∪T∗µK
n
∗µ/H → Blow∆nE∗En∗ /Sn = E
[n]
∗ .
Here BlowAB is the blow up of B along A ⊂ B.
Lemma 2.5. For every x ∈ E[n]∗ , |(µ[n]∗ )−1(x)| = 2.
Proof. For (xi)
n
i=1 ∈ ∆nE∗ with x1 = x2, there are n elements y1, . . . , yn of K such
that y1 = y2 and µ(yi) = xi for 1 ≤ i ≤ n. Then
(µn)−1((xi)
n
i=1) ∩Kn∗µ = {y1, σ(y1)} × · · · × {yn, σ(yn)}.
For σi1...ik ∈ G, since H is generated by Sn and σi1...ik , if k is even we get σi1...ik ∈
H , if k is odd σi1...ik 6∈ H . For {zi}ni=1 ∈ (µn)−1((xi)ni=1) ∩Kn∗µ, if the number of i
with zi = yi is even then
{zi}ni=1 = {σ(y1), σ(y2), y3 . . . , yn} on Kn∗µ/H, and
if the number of i with zi = yi is odd then
{zi}ni=1 = {σ(y1), y2, y3 . . . , yn} on Kn∗µ/H.
Furthermore since σi 6∈ H for 1 ≤ i ≤ n,
{σ(y1), σ(y2), y3 . . . , yn} 6= {σ(y1), y2, y3 . . . , yn}.
Thus for every x ∈ E[n]∗ , |(µ[n]∗ )−1(x)| = 2. 
Proposition 2.6. µ
[n]
∗ : Blow∆K∗µ∪T∗µK
n
∗µ/H → Blow∆nE∗En∗ /Sn is the universal
covering space, and X \ π−1(FE) ≃ Blow∆K∗µ∪T∗µKn∗µ/H.
Proof. Since µ
[n]
∗ is a local isomorphism and the number of fiber is constant, so µ
[n]
∗
is a covering map. Furthermore π : X \ π−1(FE) → E[n]∗ is the universal covering
space and number of fiber is 2, so µ
[n]
∗ : Blow∆K∗µ∪T∗µK
n
∗µ/H → Blow∆nE∗En∗ /Sn is
the universal covering space, and by the uniqueness of the universal covering space,
we have X \ π−1(FE) ≃ Blow∆K∗µ∪T∗µKn∗µ/H . 
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Recall that H is generated by Sn and {σij}1≤i<j≤n.
Theorem 2.7. Let E be an Enriques surface, E[n] the Hilbert scheme of n points
of E, π : X → E[n] the universal covering space of E[n], and n ≥ 2. Then there is
a resolution ϕX : X → Kn/H such that ϕ−1X (ΓK/H) = π−1(DE).
Proof. Let E be an Enriques surface, E[n] the Hilbert scheme of n points of
E, π : X → E[n] the universal covering space of E[n] where X is a Calabi-
Yau manifold, and ρ the covering involution of π. From Proposition2.6, we have
X \ π−1(FE) ≃ Blow∆K∗µ∪T∗µKn∗µ/H . Thus there is a meromorphim f of X to
Kn/H with satisfying the following commutative diagram:
E[n] \ FE piE // E(n)
X \ π−1(FE)
pi
OO
f
// Kn/H
pH
OO
where πE : E
[n] → E(n) is the Hilbert-Chow morphism, and pH : Kn/H → E(n)
is the natural projection. For any ample line bundle L on E(n), since the natural
projection pH : K
n/H → E(n) is finite, and E(n) and Kn/H are projective, p∗HL is
ample. Since π−1(FE) is an analytic closed subset of codimension 2 in X , there is
a line bundle L on X such that f∗(p∗HL) = L |X\pi−1(FE). From the above diagram,
we have
L = π∗(π∗EL).
Since L is ample on E(n), π∗EL is a globally generated line bundle on E[n]. Moreover
π∗(π∗EL) is also a globally generated line bundle onX . Since p∗HL is ample onKn/H
and L is globally generated, there is a holomorphism ϕX of X to Kn/H such that
ϕX |X\pi−1(FE)= f |X\pi−1(FE). Since X is a proper and the image of f contains a
Zariski open subset, ϕX : X → Kn/H is surjective. Moreover f : X \ π−1(DE) ∼=
(Kn \ ΓK)/H , that is a resolution. 
3. Proof of Theorem 1.1
Let S be a smooth projective surface and P (n) the set of partitions of n. We
write α ∈ P (n) as α = (α1, . . . , αn) with 1 · α1 + · · · + n · αn = n, and put
|α| := ∑i αi. We put Sα := Sα1 × · · · × Sαn , S(α) := S(α1) × · · · × S(αn) and
S[n] the Hilbert scheme of n points of S. The cycle type α(g) of g ∈ Sn is the
partition (1α1(g), . . . , nαn(g)) where αi(g) is the number of cycles with length i as
the representation of g in a product of disjoint cycles. As usual, we denote by
(n1, . . . , nr) the cycle defined by mapping ni to ni+1 for i < r and nr to n1. By
Steenbrink [11, page 526-530], S(α) (α ∈ P (n)) have the Hodge decomposition. By
Go¨ttsche and Soergel [4, Theorem2], we have an isomorphism of Hodge structures:
Hi+2n(S[n],C)(n) =
∑
α∈P (n)
Hi+2|α|(S(α),C)(|α|)
where Hi+2|α|(S(α),C)(|α|) is the Tate twist of Hi+2|α|(S(α),C),
and Hi+2n(S[n],C)(n) is the Tate twist of Hi+2n(S[n],C). Since Hi+2n(S[n],C)(n)
is a Hodge structure of weight i + 2n − 2n = i, we have Hi+2n(S[n],C)(n)p,q =
Hi+2n(S[n],Q)p+n,q+n for p, q ∈ Z with p + q = i, and Hi+2|α|(S(α),C)(|α|) is a
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Hodge structure of weight i + 2|α| − 2|α| = i, we have Hi+2|α|(S(α),C)(|α|)p,q =
Hi+2|α|(S(α),C)p+|α|,q+|α| for p, q ∈ Z with p+ q = i. Thus we have
(1) dimCH
2n(S[n],C)1,2n−1 =
∑
α∈P (n)
dimCH
2|α|(S(α),C)1−n+|α|,n−1+|α|.
Let E be an Enriques surface, E[n] the Hilbert scheme of n points of E, and
π : X → E[n] the universal covering space of E[n] whereX is a Calabi-Yau manifold.
Proposition 3.1. dimCH
1(E[n],Ω2n−1
E[n]
) = 0.
Proof. From [11, page 526-530], E(n) have the Hodge decomposition, we have
H2n(E[n],C)1,2n−1 ≃ H2n−1(E[n],Ω1
E[n]
), and
H2n(E(n),C)1,2n−1 ≃ H2n−1(E(n),Ω1
E(n)
).
Similarly since E(α) (α ∈ P (n)) has the Hodge decomposition, if 1−n+ |α| < 0 or
n− 1 + |α| > 2n for α ∈ P (n), then
H2|α|(E(α),C)(|α|)1−n+|α|,n−1+|α| = 0.
For α ∈ P (n) with 1 − n + |α| ≥ 0 and n − 1 + |α| ≤ 2n, then |α| = n − 1,
|α| = n or |α| = n + 1. By the definition of α ∈ P (n) and |α|, we obtain α =
{(n, 0, . . . , 0), (n− 2, 1, 0, . . . , 0)}. Thus, by the above equation (1), we have
dimCH
2n(E[n],C)1,2n−1 = dimCH
2n(E(n),C)1,2n−1⊕H2n−2(E(n−2)×E(2),C)0,2n−2.
From the Ku¨nneth Theorem, we obtain
H2n−2(E(n−2) × E(2),C)0,2n−2 ≃
⊕
s+t=2n−2
Hs(E(n−2),C)0,s ⊗Ht(E(2),C)0,t.
Since H1(E,C)0,1 = H2(E,C)0,2 = 0, we have
H2n−2(E(n−2) × E(2),C)0,2n−2 = 0.
Let Λ be a subset of Z2n≥0
Λ := {(s1, · · · , sn, t1, · · · , tn) ∈ Z2n≥0 : Σni=1si = 1, Σnj=1tj = 2n− 1}.
From the Ku¨nneth Theorem, we have
H2n(En,C)1,2n−1 ≃
⊕
(s1,··· ,sn,t1,··· ,tn)∈Λ
( n⊗
i=1
H2(E,C)si,ti
)
.
Since n ≥ 2, for each (s1, · · · , sn, t1, · · · , tn) ∈ Λ, there is a number i ∈ {1, · · · , n}
such that si = 0. Thus since H
2(E,C)0,2 = 0, we have H2n−1(En,C)1,2n−1 = 0,
so H2n−1(E(n),C)1,2n−1 = 0. Hence H1(E[n],Ω2n−1
E[n]
) = 0. 
Theorem 3.2. Let E be an Enriques surface, E[n] the Hilbert scheme of n points
of E, and X the universal covering space of E[n]. Then all small deformations of
X is induced by that of E[n].
Proof. Since each canonical bundle ofE andE[n] is torsion, and from Ran [10, Corollary 2],
they have unobstructed deformations. The Kuranishi family of E has a 10-dimensional
smooth base, so the Kuranishi family of E[n] has a 10-dimensional smooth base by
[3, Theorems 0.1 and0.3]. Thus we have dimCH
1(En, TE[n]) = 10.
Since KE[n] is not trivial and 2KE[n] is trivial, we have
TE[n] ≃ Ω2n−1E[n] ⊗KE[n] .
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Therefore we have dimCH
1(En,Ω2n−1
E[n]
⊗KE[n]) = 10. Since KX is trivial, then we
have TX ≃ Ω2n−1X . Since π : X → E[n] is the covering map and
X ≃ SpecOE[n] ⊕OE[n](KE[n])
by [8, Theorem3.1], we have
Hk(X,Ω2n−1X ) ≃ Hk(E[n],Ω2n−1E[n] ⊕ (Ω2n−1E[n] ⊗KE[n]))
≃ Hk(E[n],Ω2n−1
E[n]
)⊕Hk(E[n],Ω2n−1
E[n]
⊗KE[n]).
Combining this with Proposition 3.1, we obtain
dimCH
1(X,Ω2n−1X ) = dimCH
1(E[n],Ω2n−1
E[n]
⊗KE[n]).
Since π : X → E[n] is a covering map, π∗ : H1(E[n], TE[n]) →֒ H1(X,TX) is
injective. Thus we have dimCH
1(X,TX) = 10.
Let p : Y → U be the universal family of E[n] and f : X → Y is the universal
covering space. Then q : X → U is a flat family of X where q := p ◦ f . Then we
have a commutative diagram:
TU,0
ρq
%%❑
❑
❑
❑
❑
❑
❑
❑
❑
❑
ρp
// H1(Y0, TY0)
τ

H1(E[n], TE[n])
pi∗

H1(X0, TX0) H1(X,TX).
Since H1(E[n], TE[n]) ≃ H1(X,TX) by π∗, the vertical arrow τ is an isomorphism
and
dimCH
1(Xu, TXu) = dimCH1(Xu,Ω2n−1Xu )
is a constant for some neighborhood of 0 ∈ U , it follows that q : X → U is the
complete family of X0 = X , therefore q : X → U is the versal family of X0 = X .
Thus every fibers of any small deformation of X is the universal covering of some
the Hilbert scheme of n points of some Enriques surface. 
4. Proof of Theorem 1.2
Let E be an Enriques surface, E[n] the Hilbert scheme of n points of E, and
π : X → E[n] the universal covering space of E[n] where X is a Calabi-Yau man-
ifold. At first, we show that for an automorphism f of E[n], f(DE) = DE ⇔
f∗(OE[n](DE)) = OE[n](DE). Next, we show Theorem 1.2.
Proposition 4.1. dimCH
0(E[n],OE[n](DE)) = 1.
Proof. Since DE is effective, we obtain dimCH
0(E[n],OE[n](DE)) ≥ 1. Since the
codimension of ∆
(n)
E is 2 in E
(n), and E(n) is normal, we have
H0(E(n),OE(n)) = Γ(E(n) \∆(n)E ,OE(n)).
Since πE |E[n]\DE : E[n]\DE ≃ E(n)\∆(n)E , and OE[n](DE) ≃ OE[n] on E[n] \DE, we
have
(πE)∗(OE[n](DE)) ≃ OE(n) on E(n) \∆(n)E .
Hence
Γ(E[n] \DE ,OE[n](DE)) ≃ H0(E(n),OE(n)).
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Since E(n) is compact, we have H0(E(n),OE(n)) ≃ C. Therefore we have
dimCΓ(E
[n] \DE ,OE[n](DE)) = 1.
Thus we obtain dimCH
0(E[n],OE[n](π∗(DE))) = 1. 
Remark 4.2. Then by Proposition4.1, for an automorphism ϕ ∈ Aut(E[n]), the
condition ϕ∗(OE[n](DE)) = OE[n](DE) is equivalent to the condition ϕ(DE) = DE.
Recall that π ◦ ω : Kn \ ΓK → E[n] \DE is the universal covering space.
Theorem 4.3. Let E be an Enriques surface, DE the exceptional divisor of the
Hilbert-Chow morphism πE : E
[n] → E(n). An automorphism f of E[n] is natural
if and only if f(DE) = DE, i.e. f
∗(OE[n](DE)) = OE[n](DE).
Proof. Let f be an automorphism of E[n] with f(DE) = DE . Then f induces an
automorphism of E[n]\DE. Since the uniqueness of the universal covering space,
there is an automorphism g of Kn\ΓK such that π ◦ ω ◦ g = f ◦ π ◦ ω:
Kn \ ΓK
pi◦ω

g
// Kn \ ΓK
pi◦ω

E[n] \DE f // E[n] \DE .
Since ΓK is an analytic set of codimension 2, and K
n is projective, g can be ex-
tended to a birational automorphism of Kn. By Oguiso [7, Proposition4.1], g is
an automorphism of Kn, and there are some automorphisms g1, . . . , gn ∈ Aut(K)
and s ∈ Sn such that g = s ◦ g1 × · · · × gn. Since Sn ⊂ G, we can assume that
g = g1 × · · · × gn.
Recall that we denote the covering transformation group of π ◦ ω by:
G := {g ∈ Aut(Kn \ ΓK) : π ◦ ω ◦ g = π ◦ ω}.
By Proposition 4.4 below, we have gi = g1 or g1 ◦σ for 1 ≤ i ≤ n and g1◦σ = σ◦g1.
We denote g
[n]
1 the induced automorphism of E
[n] given by g1. Then g1
[n]|E[n]\DE =
f |E[n]\DE . Thus g[n]1 = f , so f is natural. The other implication is obvious. 
Proposition 4.4. In the proof of Theorem 4.3, we have gi = g1 or gi = g1 ◦ σ for
each 1 ≤ i ≤ n. Moreover g1 ◦ σ = σ ◦ g1.
Proof. We show the first assertion by contradiction. Without loss of generality, we
may assume that g2 6= g1 and g2 6= g1 ◦ σ. Let h1 and h2 be two morphisms of K
where gi ◦ hi = idK and hi ◦ gi = idK for i = 1, 2. We define two morphisms H1,2
and H1,2,σ from K to K
2 by following.
H1,2 : K ∋ x 7→ (h1(x), h2(x)) ∈ K2
H1,2,σ : K ∋ x 7→ (h1(x), σ ◦ h2(x)) ∈ K2.
Let Sσ := {(x, y)| y = σ(x)} be the subset of K2. Since h1 6= h2 and h1 6= σ ◦ h2,
H−11,2(∆
2
K)∪H−11,2,σ(Sσ) do not coincideK. Thus there is x′ ∈ K such thatH1,2(x′) 6∈
∆2K and H1,2,σ(x
′) 6∈ Sσ. For x′ ∈ K, we put xi := hi(x′) ∈ K for i = 1, 2. Then
there are some elements x3, . . . , xn ∈ K such that (x1, . . . , xn) ∈ Kn \ ΓK . We
have g((x1, . . . , xn)) 6∈ Kn\ΓK by the assumption of x1 and x2. It is contradiction,
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because g is an automorphism of Kn\ΓK . Thus we have gi = g1 or gi = g1 ◦ σ for
1 ≤ i ≤ n.
We show the second assertion. Since the covering transformation group of π ◦ ω
is G, the liftings of f are given by
{g ◦ u : u ∈ G} = {u ◦ g : u ∈ G}.
Thus for σ1 ◦ g, there is an element σi1···ik ◦ s of G where s ∈ Sn and t ∈
{σi1...ik}1≤k≤n, 1≤i1<...<ik≤n such that σ1 ◦ g = g ◦σi1···ik ◦ s. If we think about the
first component of σ1 ◦ g and [6, Lemma 1.2], we have s = id and t = σ1. Therefore
g ◦ σ1 ◦ g−1 = σ1, we have σ ◦ g1 = g1 ◦ σ. 
5. Proof of Theorem 1.3
Let E be an Enriques surface, E[n] the Hilbert scheme of n points of E, and
π : X → E[n] the universal covering space of E[n] where X is a Calabi-Yau man-
ifold. First, for n = 2, we compute the Hode number of X . Next, for n ≥ 3, we
show that the covering involution of π : X → E[n] acts on H2(X,C) as identity,
and by using Theorem 1.2, we classify automorphisms of X acting on H2(X,C)
identically and its order is 2. Finally, we show Theorem 1.3.
We suppose n = 2. Since E2∗ = E
2, we have E[2] = E
[2]
∗ = Blow∆2
E
E2/S2.
Let π : X → E[2] be the universal covering space of E[2]. Since K2∗µ = K2 and
Proposition 2.6, we have
X ≃ Blow∆2
K
∪TK
2/H,
where T := {(x, y) ∈ K2 : y = σ(x)}. Let η : Blow∆2K∪TK2/H → K2/H be the
natural map. We put
D∆ := η
−1(∆2K/H) and
DT := η
−1(T/H).
For two inclusions
jD∆ : D∆ →֒ Blow∆2K∪TK
2/H, and
jDT : DT →֒ Blow∆2K∪TK
2/H,
let j∗D∆ be the Gysin morphism
j∗D∆ : H
p(D∆,C)→ Hp+2(Blow∆2K∪TK
2/H,C),
j∗DT the Gysin morphism
j∗DT : H
p(DT ,C)→ Hp+2(Blow∆2
K
∪TK
2/H,C), and
ψ := η∗ + j∗D∆ ◦ η|∗D∆ + j∗DT ◦ η|∗DT
morphisms from Hp(K2/H,C)⊕Hp−2(∆2K/H,C)⊕Hp−2(T/H,C) to
Hp(Blow∆2
K
∪TK
2/H,C). From [12, Theorem7.31], we have isomorphisms of Hodge
structure on Hk(Blow∆2
K
∪TK
2/H,C) by ψ:
(2)
Hk(K2/H,C)⊕Hk−2(∆2K/H,C)⊕Hk−2(T/H,C) ≃ Hk(Blow∆2K∪TK
2/H,C).
For algebraic variety Y , let hp,q(Y ) be the number hp,q(Y ) = dimCH
p+q(Y,C)p,q.
Theorem 5.1. For the universal covering space π : X → E[2], we have h0,0(X) =
1, h1,0(X) = 0, h2,0(X) = 0, h1,1(X) = 12, h3,0(X) = 0, h2,1(X) = 0, h4,0(X) = 1,
h3,1(X) = 10, and h2,2(X) = 131.
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Proof. Let σ be the covering involution of µ : K → E. Put
Hk±(K,C)
p,q := {α ∈ Hk(K,C)p,q : σ∗(α) = ±α} and
hp,q± (K) := dimCH
k
±(K,C)
p,q.
Then for an Enriques surface E ≃ K/〈σ〉, we have
Hk(E,C)p,q ≃ Hk+(K,C)p,q.
Since K is a K3 surface, we have
h0,0(K) = 1, h1,0(K) = 0, h2,0(K) = 1, and h1,1(K) = 20, and
h0,0+ (K) = 1, h
1,0
+ (K) = 0, h
2,0
+ (K) = 0, andh
1,1
+ (K) = 10, and
h0,0− (K) = 0, h
1,0
− (K) = 0, h
2,0
− (K) = 1, andh
2,0
− (K) = 10.
Since n = 2, we obtain ∆2K/H ≃ E and T/H ≃ E. Thus we have
h0,0(∆2K/H) = 1, h
1,0(∆2K/H) = 0, h
2,0(∆2K/H) = 0, andh
1,1(∆2K/H) = 10,
and we have
h0,0(T/H) = 1, h1,0(T/H) = 0, h2,0(T/H) = 0, andh1,1(T/H) = 10.
By the definition of H , we obtain H = 〈S2, σ1,2〉. From the Ku¨nneth Theorem, we
have
Hp+q(K2,C)p,q ≃
⊕
s+u=p,t+v=q
Hs+t(K,C)s,t ⊗Hu+v(K,C)u,v, and
Hk(K2/H,C)p,q ≃ {α ∈ Hk(K2,C)p,q : s∗(α) = α for s ∈ S2 andσ∗1,2(α) = α}.
Thus we obtain
h0,0(K2/H) = 1, h1,0(K2/H) = 0, h2,0(K2/H) = 0, h1,1(K2/H) = 10,
h3,0(K2/H) = 0, h2,1(K2/H) = 0, h4,0(K2/H) = 1,
h3,1(K2/H) = 10, andh2,2(K2/H)2,2 = 111.
Specially, we fix a basis β of H2(K,C)2,0 and a basis {γi}10i=1 of H2−(K,C)1,1, then
we have
(3) H4(K2/H,C)3,1 ≃
10⊕
i=1
C(β ⊗ γi + γi ⊗ β).
By the above equation (2), we have
h0,0(Blow∆2
K
∪TK
2/H) = 1, h1,0(Blow∆2
K
∪TK
2/H) = 0,
h2,0(Blow∆2K∪TK
2/H) = 0, h1,1(Blow∆2K∪TK
2/H) = 12,
h3,0(Blow∆2
K
∪TK
2/H) = 0, h2,1(Blow∆2
K
∪TK
2/H) = 0,
h4,0(Blow∆2
K
∪TK
2/H) = 1, h3,1(Blow∆2
K
∪TK
2/H) = 10, and
h2,2(Blow∆2
K
∪TK
2/H) = 131.
Thus we obtain h0,0(X) = 1, h1,0(X) = 0, h2,0(X) = 0, h1,1(X) = 12, h3,0(X) = 0,
h2,1(X) = 0, h4,0(X) = 1, h3,1(X) = 10, and h2,2(X) = 131. 
We show that for n ≥ 3, the covering involution of π : X → E[n] acts on
H2(X,C) as identity, by using Theorem 1.2 we classify automorphisms of X acting
on H2(X,C) identically and its order is 2, and Theorem 1.3 from here.
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Lemma 5.2. Let X be a smooth complex manifold, Z ⊂ X a closed submanifold
with codimension is 2, τ : XZ → X the blow up of X along Z, E = τ−1(Z) the
exceptional divisor, and h the first Chern class of the line bundle OXZ (E).
Then τ∗ : H2(X,C)→ H2(XZ ,C) is injective, and
H2(XZ ,C) ≃ H2(X,C)⊕ Ch.
Proof. Let U := X \ Z be an open set of X . Then U is isomorphic to an open set
U ′ = XZ \E of XZ . As τ gives a morphism between the pair (XZ , U ′) and the pair
(X,U), we have a morphism τ∗ between the long exact sequence of cohomology
relative to these pairs:
Hk(X,U,C) //
τ∗X,U

Hk(X,C) //
τ∗X

Hk(U,C)
τ∗U

// Hk+1(X,U,C)
τ∗X,U

Hk(XZ , U
′,C) // Hk(XZ ,C) // Hk(U ′,C) // Hk+1(XZ , U ′,C).
By Thom isomorphism, the tubular neighborhood Theorem, and Excision theorem,
we have
Hq(Z,C) ≃ Hq+4(X,U,C), and
Hq(E,C) ≃ Hq+2(XZ , U ′,C).
In particular, we have
H l(X,U,C) = 0 for l = 0, 1, 2, 3, and
Hj(XZ , U
′,C) = 0 for l = 0, 1.
Thus we have
0 //
τ∗X,U

H1(X,C) //
τ∗X

H1(U,C)
τ∗U

// 0
τ∗X,U

0 // H1(XZ ,C) // H1(U ′,C) // H0(E,C),
and
0 //
τ∗X,U

H2(X,C) //
τ∗X

H2(U,C)
τ∗U

// 0
τ∗X,U

H0(E,C) // H2(XZ ,C) // H2(U ′,C) // H3(XZ , U ′,C).
Since τ |U ′ : U ′ ∼−→ U , we have isomorphisms τ∗U : Hk(U,C) ≃ Hk(U ′,C). Thus
we have
dimCH
2(XZ ,C) = dimCH
2(X,C) + 1, and
τ∗ : H2(X,C)→ H2(XZ ,C) is injective,
and therefore we obtain
H2(XZ ,C) ≃ H2(X,C)⊕ Ch.

Proposition 5.3. Suppose n ≥ 3. For the universal covering space π : X → E[n],
dimCH
2(X,C) = 11.
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Proof. Since the codimension of π−1(FE) is 2, H
2(X,C) ∼= H2(X \ π−1(FE),C).
By Proposition 2.6, X \ π−1(FE) ≃ Blow∆K∗µ∪T∗µKn∗µ/H .
Let τ : Blow∆K∗µ∪T∗µK
n
∗µ → Kn∗µ be the blow up of Kn∗µ along ∆K∗µ ∪ T∗µ,
hij the first Chern class of the line bundle OBlow∆K∗µ∪T∗µKn∗µ(τ−1(∆K∗µ i,)),
and
kij the first Chern class of the line bundle OBlow∆K∗µ∪T∗µKn∗µ(τ−1(TK∗µ ij)).
By Lemma 5.2, we have
H2(Blow∆K∗µ∪T∗µK
n
∗µ,C) ∼= H2(Kn,C)⊕
( ⊕
1≤i<j≤n
Chij
)
⊕
( ⊕
1≤i<j≤n
Ckij
)
.
Since n ≥ 3, there is an isomorphism
(j, j + 1) ◦ σij ◦ (j, j + 1) : △K∗µ ij ∼−→ T∗µ ij .
Thus we have dimCH
2(Blow∆K∗µ∪T∗µK
n
∗µ/H,C) = 11, i.e. dimCH
2(X,C) = 11. 
Proposition 5.4. dimCH
0(X,OX(π∗(DE))) = 1.
Proof. Since π is finite, we obtain dimCH
0(X,OX(π∗(DE))) = dimCH0(E[n], π∗OX(π∗(DE))).
From the projective formula andX ≃ SpecOE[n]⊕OE[n](KE[n]), we have π∗OX(π∗(DE)) ≃
OE[n](DE)⊕OE[n](DE⊗KE[n]). By Proposition 4.1, dimCH0(E[n],OE[n](DE)) = 1.
We show that
dimCH
0(E[n],OE[n](DE ⊗KE[n])) = 0.
Since πE |E[n]\DE : E[n] \DE ≃ E(n) \∆(n)E , we have
(πE)∗(OE[n](DE ⊗KE[n])) ≃ Ω2nE(n) on E(n) \∆(n)E .
Hence we have
Γ(E[n] \DE ,OE[n](DE ⊗KE[n])) ≃ Γ(E(n) \∆(n)E ,Ω2nE(n)).
Since H2(E,C)2,0 = 0, and from the Ku¨nneth Theorem,
H2n(En,C)2n,0 = H0(En,Ω2nEn) = 0.
Since the codimension of ∆nE is 2, and Ω
2n
En is a locally free sheaf, we have
Γ(En \∆nE ,Ω2nEn) = H0(En,Ω2nEn).
Thus we have
Γ(E(n) \∆(n)E ,Ω2nE(n)) = 0,
and therefore
dimCH
0(E[n] \DE ,OE[n](DE ⊗KE[n])) = 0.
Hence
dimCH
0(E[n],OE[n](DE ⊗KE[n])) = 0.
Thus we obtain dimCH
0(X,OX(π∗(DE))) = 1. 
Remark 5.5. Then by Proposition 5.4, for an automorphism ϕ ∈ Aut(X), the con-
dition ϕ∗(OX(π∗DE)) = OX(π∗DE) is equivalent to the condition ϕ(π−1(DE)) =
π−1(DE).
Let ρ be the covering involution of π : X → E[n].
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Proposition 5.6. For n ≥ 3, the induced map ρ∗ : H2(X,C) → H2(X,C) is
identity.
Proof. Since E[n] ≃ X/〈ρ〉 , we have H2(E[n],C) ≃ H2(X,C)ρ∗ . By Proposition
5.3, for n ≥ 3, we have dimCH2(X,C) = 11. By [1, page 767], dimCH2(E[n],C) =
11. Thus the induced map ρ∗ : H2(X,C)→ H2(X,C) is identity for n ≥ 3. 
Recall that µ : K → E is the universal covering of E where K is a K3 surface,
and σ the covering involution of µ.
Proposition 5.7. Let E be an Enriques surface which does not have numerically
trivial involutions, E[n] the Hilbert scheme of n points of E, π : X → E[n] the
universal covering space of E[n], ρ the covering involution of π, and n ≥ 3. Let ι
be an involution of X which acts on H2(X,C) as id, then ι = ρ.
Proof. Let ι be an involution of X which acts on H2(X,C) as id. By Remark 5.5,
ι|X\pi−1(DE) is automorphism of X \ π−1(DE). By the uniqueness of the universal
covering space, there is an automorphism g of Kn\ΓK such that ι ◦ ω = ω ◦ g:
Kn \ ΓK
ω

g
// Kn \ ΓK
ω

X \ π−1(DE) ι // X \ π−1(DE).
Like the proof of Proposition 4.4, we can assume that there are some automorphisms
gi of K such that g = g1 × · · · × gn, for each 1 ≤ i ≤ n, gi = g1 or gi = g1 ◦ σ,
and g1 ◦ σ = σ ◦ g1. Since ι2 = idX , so we have g2 ∈ H . Thus we have g2 = idKn
or σi1...ik . By [6, Lemma1.2], we have g
2 = idKn . We put g
′ := g1. Let g
′
E be the
induced automorphism of E by g′, and g
′[n]
E the induced automorphism of E
[n] by
g′E. Since g
′[n]
E ◦ π = π ◦ ι and n ≥ 3, g′[n]∗E acts on H2(E[n],C) as id, and therefore
g′∗E acts on H
2(E,C) as id. Since E does not have numerically trivial involutions,
g′E = idE , and therefore we have g
′ = σ or g′ = idK . Thus we have π ◦ω ◦g = π ◦ω:
Kn \ ΓK
pi◦ω

g
// Kn \ ΓK
pi◦ω

E[n] \DE id // E[n] \DE .
Since ι ◦ ω = ω ◦ g, we have we have π = π ◦ ι:
X \ π−1(DE)
pi

ι
// X \ π−1(DE)
pi

E[n] \DE id // E[n] \DE .
Since the degree of π is 2, we have ι = ρ. 
We suppose that E has numerically trivial involutions. By [6, Proposition1.1],
there is just one automorphism of E, denoted υ, such that its order is 2, and υ∗
acts on H2(E,C) as id. For υ, there are just two involutions of K which are liftings
of υ, one acts on H0(K,Ω2K) as id, and another acts on H
0(K,Ω2K) as −id, we
denote by υ+ and υ−, respectively. Then they satisfies υ+ = υ− ◦ σ. Let υ[n]
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be the automorphism of E[n] which is induced by υ. For υ[n], there are just two
automorphisms of X which are liftings of υ[n], denoted ς and ς ′, respectively:
X
pi

ς (ς′)
// X
pi

E[n]
υ[n]
// E[n].
Then they satisfies ς = ς ′ ◦ σ. Since n ≥ 3 and like the proof of Proposition 5.7,
each order of ς and ς ′ is 2 .
Lemma 5.8. For ς and ς ′, one acts on H0(X,Ω2nX ) as id, and another act on
H0(X,Ω2nX ) as −id.
Proof. Since υ[n]|E[n]\DE is an automorphism of E[n]\DE, and from the uniqueness
of the universal covering space, there is an automorphism g of Kn \ ΓK such that
υ[n] ◦ π ◦ ω = π ◦ ω ◦ g:
Kn \ ΓK
pi◦ω

g
// Kn \ ΓK
pi◦ω

E[n] \DE υ
[n]
// E[n] \DE .
Like the proof of Proposition 4.4, we can assume that there are some automorphisms
gi of K such that g = g1 × · · · × gn for each 1 ≤ i ≤ n, gi = g1 or gi = g1 ◦ σ, and
g1 ◦ σ = σ ◦ g1. From Theorem 2.7, we get Kn \ ΓK/H ≃ X \ π−1(DE). Put
υ+,even := u1 × · · · × un
where
ui = υ+ or ui = υ− and the number of i with ui = υ+ is even
which is an automorphism of Kn and induces an automorphism υ˜+,even of X \
π−1(DE). We define automorphisms υ˜+,odd, υ˜−,even, and υ˜−,odd of K
n \ ΓK/H in
the same way. Since σij ∈ H for 1 ≤ i < j ≤ n, and υ+ = υ− ◦ σ, if n is odd,
υ˜+,odd = υ˜−,even, υ˜+,even = υ˜−,odd, and υ˜+,odd 6= υ˜+,even,
and if n is even,
υ˜+,odd = υ˜−,odd, υ˜+,even = υ˜−,even, and υ˜+,odd 6= υ˜+,even.
Since υ[n] ◦ π = π ◦ υ˜+,odd and υ[n] ◦ π = π ◦ υ˜+,even, and the degree of π is 2, Thus
we have {ς, ς ′} = {υ˜+,odd, υ˜+,even}.
Let ωX ∈ H0(X,Ω2nX ) be a basis of H0(X,Ω2nX ) over C. Since X \ π−1(FE) ≃
Blow∆K∗µ∪T∗µK
n
∗µ/H , and by the definition of υ+ and υ−,
υ˜+,odd
∗
(ωX) = −ωX and υ˜+,even∗(ωX) = ωX .
Thus for {ς, ς ′}, one acts on H0(X,Ω2nX ) as id, and another act on H0(X,Ω2nX ) as
−id. 
We put ς+ ∈ {ς, ς ′} as acts on H0(X,Ω2nX ) as id and ς− ∈ {ς, ς ′} as acts on
H0(X,Ω2nX ) as −id.
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Proposition 5.9. Suppose E has numerically trivial involutions. Let E[n] be the
Hilbert scheme of n points of E, π : X → E[n] the universal covering space of E[n],
ρ the covering involution of π, and n ≥ 3. Let ι be an involution of X which ι∗ acts
on H2(X,C) as id and on H0(X,Ω2nX ) as −id, and ι 6= ρ. Then we have ι = ς−.
Proof. Let ι be an involution of X which acts on H2(X,C) as id and on H0(X,Ω2nX )
as −id, and ι 6= ρ. By Remark 5.5, ι|X\pi−1(DE) is an automorphism of X\π−1(DE).
By the uniqueness of the universal covering space, there is an automorphism g of
Kn\ΓK such that ι ◦ ω = ω ◦ g:
Kn \ ΓK
ω

g
// Kn \ ΓK
ω

X \ π−1(DE) ι // X \ π−1(DE).
Like the proof of Proposition 4.4, we can assume that there are some automorphisms
gi of K such that g = g1 × · · · × gn, for each 1 ≤ i ≤ n, gi = g1 or gi = g1 ◦ σ,
and g1 ◦ σ = σ ◦ g1. Since ι2 = idX , so we have g2 ∈ H . Thus we have g2 = idKn
or σi1...ik . By [6, Lemma1.2], we have g
2 = idKn . We put g
′ := g1. Let g
′
E be the
induced automorphism of E by g′, and g
′[n]
E the induced automorphism of E
[n] by
g′E. Since g
′[n]
E ◦ π = π ◦ ι and n ≥ 3, g′[n]∗E acts on H2(E[n],C) as id, and therefore
g′∗E acts on H
2(E,C) as id. If g′E = idE , then we have ι = ρ or idX , a contradiction.
Since g2 = idKn Thus the order of g
′
E is 2. Since g
′∗
E acts on H
2(E,C) as id, we
have g′E = υ, and therefore g
′ = υ+ or g
′ = υ−. By the definition of ς and ς
′, we
obtain ι = ς or ι = ς ′. Since ι∗ acts on H0(X,Ω2nX ) as −id, we obtain ι = ς−. 
Theorem 5.10. Let E be an Enriques surface, E[n] the Hilbert scheme of n points
of E, π : X → E[n] the universal covering space of E[n], and n ≥ 3. If X has a
involution ι which ι∗ acts on H2(X,C) as id, and ι 6= ρ. Then E has a numerically
trivial involution.
Proof. Let ι be an involution of X which acts on H2(X,C) as id, and ι 6= ρ. By
Remark 5.5, ι|X\pi−1(DE) is an automorphism of X \ π−1(DE). By the uniqueness
of the universal covering space, there is an automorphism g of Kn\ΓK such that
ι ◦ ω = ω ◦ g:
Kn \ ΓK
ω

g
// Kn \ ΓK
ω

X \ π−1(DE) ι // X \ π−1(DE).
Like the proof of Proposition 4.4, we can assume that there are some automorphisms
gi of K such that g = g1 × · · · × gn, for each 1 ≤ i ≤ n, gi = g1 or gi = g1 ◦ σ,
and g1 ◦ σ = σ ◦ g1. Since ι2 = idX , we have g2 ∈ H . Thus we have g2 = idKn
or σi1...ik . By [6, Lemma1.2], we have g
2 = idKn . We put g
′ := g1. Let g
′
E be the
induced automorphism of E by g′, and g
′[n]
E the induced automorphism of E
[n] by
g′E. Since g
′[n]
E ◦ π = π ◦ ι and n ≥ 3, g′[n]∗E acts on H2(E[n],C) as id, and therefore
g′∗E acts on H
2(E,C) as id. If g′E = id, like the proof of Proposition 5.7 we have
ι = ρ or ι = idX , a contradiction. Thus we have g
′
E 6= id. Since g2 = idKn , g′E is
an involution of E. Since g′∗E acts on H
2(E,C) as id, E has a numerically trivial
involution. 
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Lemma 5.11. dimCH
2n−1,1(Kn/H,C) = 10.
Proof. Let σ be the covering involution of µ : K → E. Put
Hk±(K,C)
p,q := {α ∈ Hk(K,C)p,q : σ∗(α) = ±α} and
hp,q± (K) := dimCH
k
±(K,C)
p,q.
Since K is a K3 surface, we have
h0,0(K) = 1, h1,0(K) = 0, h2,0(K) = 1, and h1,1(K) = 20, and
h0,0+ (K) = 1, h
1,0
+ (K) = 0, h
2,0
+ (K) = 0, andh
1,1
+ (K) = 10, and
h0,0− (K) = 0, h
1,0
− (K) = 0, h
2,0
− (K) = 1, andh
2,0
− (K) = 10.
Let Λ be a subset of Z2n≥0
Λ := {(s1, · · · , sn, t1, · · · , tn) ∈ Z2n≥0 : Σni=1si = 2n− 1, Σnj=1tj = 1}.
From the Ku¨nneth Theorem, we have
H2n(kn,C)2n−1,1 ≃
⊕
(s1,··· ,sn,t1,··· ,tn)∈Λ
( n⊗
i=1
H2(K,C)si,ti
)
.
We fix a basis α of H2(K,C)2,0 and a basis {βi}10i=1 of H2−(K,C)1,1, and let
β˜i :=
n⊗
j=1
ǫj
where ǫj = α for j 6= i and ǫj = βi for j = i, and
γi :=
n⊕
j=1
β˜j .
then we have
(4) H2n(Kn/H,C)2n−1,1 ≃
10⊕
i=1
Cγi,
dimCH
2n−1,1(Kn/H,C) = 10. 
Since X and Kn/H are projective, Kn/H is a V-manifold, and π is a surjective,
π∗ : Hp,q(Kn/H,C)→ Hp,q(X,C) is injective.
Theorem 5.12. We suppose n ≥ 2. Let π : X → E[n] be the universal covering
space. For any automorphism f of X, if f∗ is acts on H∗(X,C) :=
⊕2n
i=0H
i(X,C)
as identity, then f = idX .
Proof. Since f∗ acts on H2(X,C) as identity, f is an automorphism of Kn \ΓK/H .
Let pH : K
2 \ ΓK → K2 \ ΓK/H be the natural map. Then the uniqueness of the
universal covering space, we can that there are some automorphisms gi of K such
that g := g1 × · · · × gn, gi = g1 or gi = g1 ◦ σ, g1 ◦ σ = σ ◦ g1 for 2 ≤ i ≤ n, and
f ◦ pH = pH ◦ g:
Kn \ ΓK/H f // Kn \ ΓK/H
Kn \ ΓK
pH
OO
g
// Kn \ ΓK .
pH
OO
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Let gH be the induced automorphism of K
n/H . Then we obtain gH ◦ϕX = ϕX ◦f :
Kn/H
gH
// Kn/H
X
ϕX
OO
f
// X.
ϕX
OO
Put g1E the automorphism of E induced by g1. Since f
∗ acts on H2(X,C) as
identity, g∗H acts on H
2(Kn/H,C) as identity. Since H2(Kn/H,C) ∼= H2(E,C),
g∗1E acts on H
2(E,C) as identity. From Lemma 5.11, we have
H2n(X,C)2n−1,1 =
10⊕
i=1
Cϕ∗Xγi.
Suppose g1 6= σ and g1 6= idK . Since g∗1E acts on H2(E,C) as identity, from
[6, page 386-389], the order of g1E is at most 4. If the order of g1E is 2, there is
an element α± ∈ H2−(K,C)1,1 such that g∗1(α±) = ±α. By the equation (4) and
the proof of Lemma 5.8, f does not act on H2n(X,C)2n−1,1 as identity, it is a
contradiction. If the order of g1E is 4, then there is an element α
′
± ∈ H2−(K,C)1,1
such that g∗1(α
′
±) = ±
√−1α′± from [6, page 390-391]. By the equation (4) and and
the proof of Lemma 5.8, f does not act on H2n(X,C)2n−1,1 as identity, it is a
contradiction. Thus we have g1E = idE , i.e. g1 = σ or g1 = idK , and f = idX
or f = ρ where ρ is the covering involution of π : X → En. From Proposition 3.1
H2n(E[n],C)2n−1,1 ≃ 0, ρ does not act on H2n(X,C)2n−1,1 as identity. Since f∗
acts on H2n(X,C)2n−1,1 as identity, we have f = idX . 
Corollary 5.13. We suppose n ≥ 2. Let π : X → E[2] be the universal covering
space. For any two automorphisms f and g of X, if f∗ = g∗ on H∗(X,C), then
f = g.
By [6, Proposition1.1], there is just one automorphism of E, denoted υ, such that
its order is 2, and υ∗ acts on H2(E,C) as id. For υ, there are just two involutions
of K which are liftings of υ, one acts on H0(K,Ω2K) as id, and another acts on
H0(K,Ω2K) as −id, we denote by υ+ and υ−, respectively. Then they satisfies
υ+ = υ− ◦ σ. Let υ[n] be the automorphism of E[n] which is induced by υ. For
υ[n], there are just two automorphisms of X which are liftings of υ[n], denoted ς
and ς ′, respectively. Then they satisfies ς = ς ′ ◦ σ, and each order of ς and ς ′ is 2.
From Lemma5.11, one acts on H0(X,Ω2nX ) as id, and another act on H
0(X,Ω2nX )
as −id. We put ς+ ∈ {ς, ς ′} as acts on H0(X,Ω2nX ) as id and ς− ∈ {ς, ς ′} as acts on
H0(X,Ω2nX ) as −id.
Theorem 5.14. Let E and E′ be two Enriques surfaces, E[n] and E′[n] the Hilbert
scheme of n points of E and E′, X and X ′ the universal covering space of E[n] and
E′[n], and n ≥ 3. If X ∼= X ′, then E[n] ∼= E′[n], i.e. when we fix X, then there is
just one isomorphism class of the Hilbert schemes of n points of Enriques surfaces
such that they have it as the universal covering space.
Proof. For an involution of X which is the covering involution of some the Hilbert
scheme of n points of Enriques surfaces acts on H2(X,C) as id, H0(X,Ω2nX ) as −id,
and H2n(X,C)2n−1,1 as −id. From Proposition5.12, the automorphisms which acts
on H2(X,C) as id, H0(X,Ω2nX ) as −id, are only ρ and ς−. From the definition of
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ς− and Lemma 5.11, ς− does not act on H
2n(X,C)2n−1,1 as −id. Thus we have an
argument. 
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